



















On a finite trigonometric sum related to Dedekind sum
Mouloud Goubi
Abstract. Finite trigonometric sums appear in various branches of Physics,
Mathematics and their applications. For p, q to coprime positive integers and
r ∈ Z we consider the finite trigonometric sums involving the product of three
trigonometric functions



















In this work we establish a reciprocity law satisfied by S (p, q, r) in some par-
ticular cases. And we compute explicitly the value of the sum









1. Introduction and main results





From which the cosecant numbers are extracted, as the rational coefficients of it’s
power series expansion, a generalization of these numbers is given in the paper [6]
of V. Kowalenko.
For p, q two coprime positive integers and r ∈ Z we consider the following finite
trigonometric sum.



















Let 0 6 r 6 2p− 1 the represent of the class of r in Z/2pZ, then
S (p, q, r) = S (p, q, r)
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For example if r ≡ 0 (mod 2p);













The periodicity of cosine stays that there are exactly 2p finite trigonometric
sums of this kind for a fixed positive integers p, q.
If q = q (mod 2p) then
S (p, q, r) = S (p, q, r)
and for a fixed p and q, r are arbitrary integers such that q is not multiple of p their
exist exactly 2p (2p− 1) finite trigonometric sums S (p, q, r).
Now if r ≡ 0 (mod p) and q ≡ 1 (mod 2p), we get









and if q = 1 and r ≡ 1 (mod p) then


































steal open. A partial answer is given in the work of the physician N. Gauthier and


















; 0 6 r 6 m;m > 1,
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sr,m is the sum of all the possible distinct products of the following numbers







































The problem of finite sums with negative powers of cosecant or secant is completely






























, m < p.
Let m,n, l ∈ Z, the last finite trigonometric sums can be extended to the
general case




















S (p, q, r) = S1,1,1 (p, q, r) .
Since p− k runs all the numbers from 1 to p− 1 for k ∈ {1, 2, 3, ..., p− 1} then the
sum Sn,m,l (p, q, r) can be written in the following form






















but cos (pik − θ) = (−1)
k
cos θ and sin (pik − θ) = (−1)
k+1
sin θ then























Sn,m,l (p, q, r) = 0
and for rn+ (q + 1)m odd number we get
Sn,m,l (p, q, r) = 0
On general, evaluating the reciprocity law of Sn,m,l (p, q, r) steal an open prob-
lem, for which we need more tools to resolve.
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For more background about finite trigonometric sums in literature we refer to
[1], [2] and [8]. The methods of computation based only on the residue theorem
from complex analysis. The well-known classical Dedekind sum is










where q, p are coprime positive integers and
((x)) :=
{
x− [x]− 12 , if x is not an integer,
0 , otherwise.
In terms of fractional part function {.} (ie. {x} = x− [x]) we can write













From the property that {x}+ {−x} = 1, If 0 < q < p, we get
(1.5) s (p− q, p) =
p− 1
2
− s (q, p) .
s (q, p) satisfies the following reciprocity law [7, p.4]
















The reciprocity law inducts an expression for s (p− q, p) on function of s (q, p).







−6p3 + 6p2q + 2p2 + q2 − 2pq + 1
)
(1.7)
This sum is interesting, since it can only be traduced to a finite trigonometric
sum of product of cotangent functions [7, p.18]
















The objective of this paper is to establish a reciprocity law for the trigonometric
sums S (p, q, q ± 1) and S (p, p− q, p− q ± 1) , and get explicit evaluation of the
sum









Theorem 1.1. For p, q two coprime positive integers the following statement
is true
(1.9)




p2 + q2 + 1
)
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And if q < p we get
p[S (q, p, p+ 1) + S (q, p, p− 1)]− q[S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1)]
(1.10)




p2 + q2 + 1
)
Corollary 1.1. Let (p, q) = 1 if q < p then
S (p, q, q + 1) + S (p, q, q − 1) + S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1) = 4pq (p− 1)
(1.11)
The following theorem gives another reciprocity law and compute the sum of
the maximal order of the square of cosecant.
Theorem 1.2. Let q ≡ 1 (mod p) then

























2. proof of main results
Lemma 2.1.
(2.1) cot qβ cotβ =
cos (q + 1)β + cos (q − 1)β
2 sin qβ sinβ










cos (α+ β) + cos (α− β)
2 sinα sinβ

























































The decomposition of the right hand of the equality on two sums gives the result.

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Using the relation (2.2) we deduce that
(2.3) s (q, p) =
1
8p
{S (p, q, q + 1) + S (p, q, q − 1)}
Lemma 2.3. Let q ≡ 1 (mod p) then
s (q, p) =



















Proof. For q ≡ 1 (mod p), s (q, p) = s (1, p) is explicitly evaluated and



































p (p− 1) (2p− 1)
6
.
and the result (2.4) follows.
The second result (2.5) is the consequence of the relation (2.4) and the reciprocity
law (1.6). 
2.0.1. Proof of Theorem1.1. From the relation (2.2) Lemma2.2 and the expres-
sion (1.8) we get
s (q, p) =
1
8p
{S (p, q, q + 1) + S (p, q, q − 1)}
By symmetry we get the similar expression
s (p, q) =
1
8q
{S (q, p, p+ 1) + S (q, p, p− 1)} .
The reciprocity formula (1.6) inducts
1
8p
{S (p, q, q + 1) + S (p, q, q − 1)}+
1
8q
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Multiplying this equality by 8pq we get the result (1.9) Theorem1.1.
Only we have
s (p− q, p) =
1
8p
{S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1)}
and from the relation (1.5) we get
















{S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1)} ,
thus
q {S (p, q, q + 1) + S (p, q, q − 1)} = 4pq (p− 1)−q {S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1)} ,
and then
p {S (q, p, p+ 1) + S (q, p, p− 1)} − q {S (p, p− q, p− q + 1) + S (p, p− q, p− q − 1)}




p2 + q2 + 1
)
2.0.2. Proof of Corollary1.1. The reciprocity theorem (1.11) of Corollary1.1 is
result of the relation (1.9) minus the relation (1.10)
2.0.3. Proof of Theorem1.2. From the reciprocity theorem
















− s (q, p)
using the relation (2.4) we deduce that

















(p− 1) (p− 2)
12p
and




































From the relation (2.3) we get
1
8p














and the result (1.12) follows.
Taking q = 1, and combining the relation (2.3) and equality (2.4) Lemma2.3
we get
S (p, 1, 2) + S (p, 1, 0) =
2
3





















































) = 2p2 − 6p+ 4
3
























They are several different sums extracted from the classical Dedekind sum
which satisfy a reciprocity law for a particular case. An example of a generalized
cosecant sum (1.2) is given in the following proposition
Proposition 3.1.






Proof. It’s trivial that s (p, 2) = 0 and from the reciprocity law (1.6) we get














Form the relation (2.3) we get
s (2, p) =
1
8p
(S (p, 2, 3) + S (p, 2, 1))
and
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Using the trigonometric relation
cos 3θ = 4 cos3 θ − 3 cos θ






































4S3,1,1 (p, 2, 1)− 2S1,1,1 (p, 1, 1) = 8ps (2, p) .
Replacing s (2, p) by it’s value we get the result (3.1) Proposition3.1. 













The argument is that
1
16
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